O A normal form for a real 2-codimensional submanifold in C^^^ near a CR singularity 
(N 
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Abstract. We construct a formal normal form for a real 2-codimensional submanifold M C C^+^ near a CR singularity 
approximating the sphere. This result gives a higher dimensional extension of Huang- Yin normal form in C^. 
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I 1. Introduction and the main result 

^ ■ 

> . The study of the real submanifolds in the complex space near an isolated complex tangent point goes back to Bishop 
^ ' (see [l]). A point p € M with the property that the map M 3 q t-^ dime T^M defined near p is not continuous at p is 
called a CR singularity. Here T;^M := TqM n J {TqM), where J : C^+^ — > C^+i is the standard complex structure. 
Bishop considered the case when there exist coordinates (2, w) in such that near a CR singularity p — 0, a. real 
CsJ • 2-codimensional submanifold M C is given locally by 
> ' 

00 ; (1.1) w ^ ZZ + \{z^ + z^) +0{3), or w = + 2^ + 0(3), 

where A G [0, 00] is a holomorphic invariant called the Bishop invariant. When A = 00, M is understood to be defined 
by the second equation from (1.1). If A ^ {O, ^,00}, Moser and Webster (see |15j ) proved that there exists a formal 
, transformation that sends A'l into the normal form 

^ (1.2) w = zz+(A + eu«)(z2 + z2), ee{0,-l,+l}, q £ N, 

I ' where w = u + iv. When A = Moser (see p.4| ) derived the following partial normal form (the Moser normal form): 

> : 

X (1-3) w = zz + 2Re 

^- 

Here s := {j £ N*; aj ^ 0} is the simplest higher order invariant known as the Moser invariant. Moser's psudonormal 
form is still subject to the action of an infinite action of the group of automorphisms of the model. It is in the paper 
of Huang- Yin 9], the following normal form is established which can be used to solve the equivalence problem. They 
proved that p.3p is either a quadric or it can be formally transformed into the following normal form 

(1.4) w — zz + 2Re < ^ ajZ^ > , as — I, aj = 0, if j = 0, 1 mod s, j > s. 

[j>s J 

In this paper we construct a higher dimensional analogue of the Huang- Yin normal form. If {z,w) = {zi, . . . , zn,w) 
are coordinates of C^"*"^ and M C C^"*"^ a real 2-codimensional submanifold, we consider the case when there exists a 
holomorphic change of coordinates (see [7] or |10j ) such that near p — 0, M is given by 

(1.5) W = ZiZi H 1- ZnZn + ^ Vm,n(z, z), 

where ipm.n (z, z) is a bihomogeneous polynomial of bidegree (m, n) in (z, z). 
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Some of our methods extend those from [9]. First, we give a generahzation of the Moser normal form (|1.3p (see [14j ). 
called here the Extended Moser Lemma (Theorem 12. 2|) . which uses the trace operator (see e.g. |16j . |17j ): 

A:— 1 

In the Moser normal form eliminates the terms in the local defining equation of M of positive degree in both 
z and z. The higher dimensional case considered here brings new difficulties. In C^"*"""^ the Extended Moser Lemma 
eliminates only iterated traces of the coresponding terms. However, these terms can still contribute to higher order 
terms in the construction of the normal form. Similar normal forms were constructed recently for Levi-nondegenerate 
hypersurfaces in C^"*"^ by Zaitsev (see ,17 ). 

The Extended Moser Lemma allows us to find just a partial normal form. This partial normal form is not unique 
but is only determined up to an action of an infinite dimensional group Auto {Mao), the formal self-transformation group 
of the quadric model M^o := {w = zizi + • • • + z^Jn}. The condition that ()1.3|) contains nontrivial higher order terms 
has the following natural generalization to higher dimension: 

(1-7) ^^fc,o(^)^0, 

fc>3 

where here and throughout the paper we use the abbreviation 

'Pkfiiz) := (pkfl{z,z) 

as the latter polynomials do not depend on z. As a consequence we obtain that s := min{fc e N*; ipk.o{z) ^ 0} < oo. 
Then s is a biholomorphic invariant and (ps,o{z) is invariant (as tensor). We call the integer s > 3 the generalized Moser 
invariant. In course of this paper we will use the following notations 

(1.8) A(z) := (^,^0(2), Akiz) -.^ d,, i^sAz)) , k^l,...,N. 

Definition 1.1. For a given homogeneous polynomial V{z) = bjz^ we consider the associated Fisher differential 

\i\=k 

operator 

(1-9) - E 

/i=fe 

The polynomial A(z) will be assumed to satisfy the following non-degeneracy condition: 
Definition 1.2. The polynomial A(z) is called nondegenerate if for any linear forms Ci(z), . . . , Cn{z), one has 

(1.10) Ciiz)Ai{z) + ---+CNiz)AN{z)=0 =^ Ci{z) = --- = Cn{z) = Q. 

In this paper we prove the following result: 

Theorem 1.3. Let M C C^^^ he a 2-codimensional real (formal) submanifold given near the point G M by the 
formal power series equation 

(1.11) w = zizi -\ \- ZNZN + E fmAz,z), 

m-t-n>3 

where iprn.n{z,'z) is a bihomogeneous polynomial of bidegree {m,n) in (z,z). Assume that A{z) is nondenerate. Then 
there exists a unique formal map 

(1.12) (z', w') = (F(z, w), G{z, w)) = (z, w) + 0(2), 
that transforms M into the following normal form: 

(1.13) w' = z[-F, + --- + z'^-7n+ ^ ^:„^„(z',F)+2Re J^^;,^o(z') 1, 

™+">3 I k>S I 

where (/'m « (-^'i -^O bihomogeneous polynomial of bidegree (m,n) in {z',z') satisfying the following normalization 
conditions 



(1.14) 



<r™" Vm,n {z', z') =Q, TO < n - 1, m,ny^O] 
tr"'ip'^ „ (z', z') =0, m > n, m,n ^ 0. 
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(1.15) 



(A*)>^_o(z) = 0, if + t>l, 

(Afc A*)* (</.^,o(^)) = 0, fc - 1, . . . , iV, ifT = ts-t>2. 

A few words about the construction of the normal form. We want to find a formal biholomorphie map sending 
M into a formal normal form. This leads us to study an infinite system of homogeneous equations by truncating the 
original equation. We follow Huang- Yin strategy defining the weight of Zk to be 1 and the weight of z/c to be s — 1, 
for all fc = 1 . . . , A^. Since Auto(Moo) is infinite-dimensional, it follows that the homogeneous linearized normalization 
equations (see sections 3 and 4) have nontrivial kernel spaces. Using the preceding system of weights and a similar 
induction argument as in [9], we are able to trace precisely how the lower order terms arise in non- linear fashion: The 
kernel space of degree 2t -|- 1 is restricted by imposing a normalization condition on ipts+i o(^) ^'^d the kernel space of 
degree 2t -|- 2 by imposing a normalization conditions on ip'^^ q (z) . The non- uniqueness part of the lower degree solutions 
are uniquely determined in the higher order equations. 

Our normal form is a natural generalization of the Huang- Yin normal form. Our normalization conditions are 
invariant under the linear change of coordinates that preserves the model w — zizi + • ■ • + z^zn , namely the unitary 
change of coordinates. Also, the non-degeneracy condition on A(z) is invariant under any linear change of coordinates. 

A few words about the paper organization: In course of section 2 we will give a generalization of the Moser normal 
form and make further preparations for our normal form construction. The normal form construction will be presented 
in course of sections 3 and 4. In section 5 we prove the uniqueness of the formal transformation map. 

Acknowledgements. This paper was written under the supervision of Dmitri Zaitsev. I would like to thank to 
him for the introduction to the subject, for his patience and encouragement during the preparation of this paper. I 
would like also to thank to Hermann Render for point the Fisher decomposition generalization from pTOj . 

2. Preliminaries, notations and the Extended Moser Lemma 

Let (zi, . . . , zn, w) be the coordinates from C^+^. Assume that there exists a holomorphic change of coordinates 
such that near the point p = M is defined by 

(2.1) W = ZiZi^ \- ZnZn + E Vm,n(z,z), 

where (frn,n {z, z) is a bihomogeneous polynomial of bidegree (m, n) in (z, z), for ah m,n > 0. 
Let M' be another submanifold defined by 

(2.2) W' ^ z['Fi + ---+z'^l^N+ J2 'f'm,n{z\'^, 

m-|-n>3 

where „ (z', z') is a bihomogeneous polynomial of bidegree (m, n) in (z', z'), for all m,n > 0. We define the hermitian 
product 

(2.3) (z,t)=ZiZi-| hZTvtAT, Z = (zi,...,ZAr), t = (ti,...,tAr) e C^. 

Let (z', w') = {F{z, w), G{z, w)) be a formal map which sends AI to M' and fixes the point G C^+^. Substituting 
this map into (2.2), we obtain 

(2.4) G{z,w)^{F{z,w),F{z,w))+ ^ ^'m^n {Fiz,w),F{^) . 

m-t-n>3 

In the course of this paper we use the following notations 

(2.5) (^>fc(z,z)= ^ (p,„,„(z,z), (pfe(z,z) = ^ <y9„i,„(z,z), fc > 3. 

m-\-n>k rn-\-n—k 

Substituting in (j2.4|) F(z,w) = ^ Fm,n(z)'w" , G{z,w) = ^ Grn,n{z)w"' , where Gm,n(z), i^m,n(z) are homoge- 

m,n>0 m,n>0 

neous polynomials of degree to in z, using w satisfying (j2.1|) and notations p.4p . it follows that 

2 



E G'm,„(z) ((Z, Z) + (/7>3))" 



m.n>0 

(2.6) 



mi .n\ >0 



^>3 E 

(z) ((z,z) + V7>3)"% E Fm3,ns{z){{z,z) +if>3y''' 
km2,n2>0 7713, n3>0 
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Since our map fixes the point G C^+^, it follows that Go. 0(2) = 0, Fo,o{z) = 0. Collecting the terms of bidegree (1, 0) 
in (z, z) from (|2.6I) . we obtain Gifi{z) — 0. Collecting the terms of bidegree (1, 1) in (z, z) from (|2.6p . we obtain 

(2.7) Goa(z,z) - (Fi^o(z), Fi^o(z)) • 

Then (|2.7p describes all the possible values of Go.i(z), i^i,o(2:). Therefore Im Go.i = 0. Composing with an linear auto- 
morphism of Re w = {z, z), we can assume that Go, 1(2;) — 1, Fi,o(z) = z- 

Using the same approach as in |17j (this idea was suggested me by Dmitri Zaitsev), the ,,good" terms that can 
help us to find the formal change of coordinates under some normalization conditions are 

(2-8) (^„,„(z,z), (^;„ „(z,z), G™,„(2:)(z,z)", (F„,„(z),z) (z, f;„,„(z)) (z, z)". 

We recall the trace decomposition (see e.g. |17| , [16]): 

Lemma 2.1. For every bihomogeneous polynomial P(z,'z) and n G N there exist Q{z,'z) and R{z,'z) unique polynomials 
such that 

(2.9) P{z,z) = Q{z,z){z,z)'' + R{z,z), tj^R^O. 

By Lemma 2.1 and the ,,good" terms defined previously (see (j2.8|) ') we develop a partial normal form that generalize 
the Moser Lemma. Let := {dz^, ■ ■ ■ ,9^^)- We prove the following statement: 

Theorem 2.2 (Extended Moser Lemma). Let M C C''^^^ he a 2-codimensional real-formal suhmanifold. Suppose that 
e M is a CR singular point and the suhmanifold M is defined hy 

(2.10) w^{z,z)+ ^ i^™,„(z,z), 

m+n>3 

where iprn,n {z,z) is hihomogeneous polynomial of hidegree {m,n) in {z,z), for all m,n>0. Then there exists a unique 
formal map 

(2.11) iz',w')^lz+ J2 Frr,A^)w'\^+ G™,„(z)u;" 

\ m+n>2 m+n>2 

where Fm^ni^), Gm.ni^) (^^e homogeneous polynomials in z oj degree m with the following normalization conditions 

(2.12) f^o,n+i(z) = 0, i^i,„(z) = 0, foralln>l, 
that transforms M to the following partial normal form: 

(2.13) w'^{z',z')+ J2 ^;..„(^',^)+2Re|5^<o(^')[, 

m+„>3 I fe>3 I 

where ip'^ „(z, z) are hihomogeneous polynomials of hidegree (m, n) in (z, z), for all m,n > 0, that satisfy the following 
trace normalization conditions ^1.14\ l- 

Proof. Wc construct the polynomials Fm',n'(z) with m' + 2n' = T — 1 and Gm'.n'iz) with to' + 2n' — T hy 
induction on T = m' + 2n'. We assume that we have constructed the polynomials Fk.i(z) with k + 21 < T — 1, Gk,i{z) 
with k + 2l <T. 

Collecting the terms of bidegree (to, n) in (z, z) with T ^ m + n from (|2.6p . we obtain 

(2.14) V3^„_„(z, z) = Gm_„,„(z) (z, z)"- (F„i_„+i,„_i(z), z) (z, z)""-^- (z, Fn^m+l,m-l{z)) (z, z)™""^ + (^m,„ (z, z) + . . . , 

where ,,. . . " represents terms which depend on the polynomials Gk,i{z) with k + 21 < T, F]^^i{z) with fc + 21 < T — 1 
and on ipk.i{z,'z), Lp'^ i{z,j) with k + l<T = m + n. 

Collecting the terms of bidegree {in,n) in (z,z) with T := m + n> 3 from (|2.14p . we have to study the following 
cases: 

(l)Case m < n — 1, m, n > 1. Collecting the terms of bidegree {m,n) in (z,z) from (|2.14l) with m < n — 1 and 
TO,n > 1, we obtain 

(2.15) ^Lni^,z) - - (z, ^^„-„+i,„,_i(z)) (z, z)"-i + . . . 

We want to use the normalization condition tr™^^(^J„ „(z, z) = 0. This allows us to find the polynomial 
Fn-m+i,m-i{z) ■ By applying Lemma 2.1 to the sum of terms which appear in ,,. . . ", we obtain 

(2.16) ^LA^^^) = (- (^,^^n-m+l,m-l(z)) + D„,,niz,z)) (z, z)""! + Pl(z, z), 
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where Dm.n{z,'z) is a polynomial of degree n — m + 1 in zi, . . . , zjv and 1 in zi, . . . , zn with determined coefficients 
from the induction hypothesis and tr™^^ {Pi{z,'z)) = 0. Then, using the normalization condition tT"''^^ip'^^ j^{z,'z) = 0, 
by the uniqueness of trace decomposition we obtain that {z, Fn-rn+i,m-i{z)) = Dm.n{z,z). It follows that 



(2.17) Fk,iiz)=dADi+iM+i{z,z)), foranfc>2,/>0. 

(2) Case m > n + 1, m, n > 1. Collecting the terms of bidegree {m,n) in (z,z) from (|2.14l) with m > n + 1 and 
m,n > 1, we obtain 

(2.18) (^^_„(z,z) ^ {Gjn-n,7i{z){z,z) - (F„_„+i,„_i (z), z)) + . . . 

In order to find the polynomial Gm~n,n{z) we want to use the normalization condition ir'^Lp'^ ^{z^'z) — 0. By applying 
Lemma 2.1 to the sum of terms which appear in ,,. . . " and to {Fm-n+i,n-~i{z) , z), we obtain 

(2.19) V'm.niz.z) = {G,n-nAz) - E^A^)) i^^^r + P2{Z,Z), 

where „(z) is a holomorphic polynomial with determined coefficients by the induction hypothesis and tr" {P2{z, z)) = 
0. Then, using the normalization condition ti'^ip'^ J\Z,'z) = 0, by the uniqueness of trace decomposition we obtain that 
Gm_„,„(z) = Em.n{^). It foUows that 

(2.20) GkA^) = Ek+i.i{z), for aU A: > 2, / > 0. 

(3) Case (n — 1, n), n > 2. Collecting the terms of bidegree (n — 1, n) in (z, z) from (|2.14p with n > 2, we obtain 

(2.21) <^;-l,„(2,^) = ^n-l,n{^^,z) - (Fo,„_i(z), Z) (Z, z)""! - (z, F2,„_2(z)) (z, z)"-^ + . . . 

In order to find ^2,n-2(z) we want to use the normalization condition tr"^^(y9^_]^ „(z, z) = 0. By applying the 
Lemma 2.1 to the sum of terms from we obtain 

(2.22) <^;_i_„(z,z) = - ((Fo,„_i(z),z) (z,z) + {z,F2^n-2{z)) - C„-i,„(^,^)) zY'-^ + P3iz,z), 

where tr"^^ (P3(z, z)) — and C„_i.„(z,z) is a determined polynomial of degree 1 in zi,...,ZAr and degree 2 in 
zi, . . . , zat. We take ^o,n-i(z) — (see (|2.12p ). Next, using the normalization condition tT"~'^(pj^_i „(z, z) = 0, by the 
uniqueness of trace decomposition we obtain that {z^F2,n-2{z)) = C„_i_„(z,z). It follows that 



(2.23) F2,n-2{z) = (C„-1^„(Z, z)). 

(4)Case (n, n — 1), n > 2. Collecting the terms of bidegree (n,n — 1) in (z,z) from (|2.14p with n > 2, we obtain 

(2.24) (^;^„_i(z, z) = (Gi,„_i(z)(z, z) - (F2,„_2(z), z) - (z, Fo^„-i(z)) (z, z)) (z, z)"-^ + „_i(z, z) + . . . 

In order to find Gi^„_i(z) we want to use the normalization condition ti"~^(p'^ „_]^(z, z) = 0. Using (j2.12p and by 
applying Lemma 2.1 to (F2,„_2(z), z) (see (|2.23l) ) and to the sum of terms from ,,. . . ", we obtain 

(2.25) <„_i(2,2) - (Gi,„_i(z)-B„,„_i(z))(z,z)"-i + P4(^,z), 

where tr"^^ (P4(z, z)) — and -B„^„_i(z) is a determined holomorphic polynomial. By the uniqueness of trace decom- 
position we obtain that Gi^n-i{z) = Bn,n-i{z), for all n > 2. 

(5) Case (n, n), n > 2. Collecting the terms of bidegree (n, n) in (z, z) from (j2.14p with n > 2, we obtain 

(2.26) <^;,„(2, z) = Go.„(z)(z, z)" - (Fi,„-i(z), z) (z, z}"-i - (z, Pi,„-i(z)) (z, z)"-i + (^„^„(z, z) + . . . 

By taking Fi^„_i(z) = (see l|2.12l) ). we obtain (y9j^ „(z,z) = Go,n(z)(z, z)" + In order to find Go,n(z) we use 

the normalization condition tr"(p^ „(z, z) = 0. By applying the Lemma 2.1 to the sum of terms from ,,. . . " we obtain 
that (p^_„(z,z) = (Go,n(z) — An) (zjz)"^ + F5(z,z), where An is a determined constant and tr" (F5(z,z)) = 0. By the 
uniqueness of trace decomposition we obtain that Go,n = An, for all n > 3. 

(6) Case (T, 0) and (0, T) T > 3. Collecting the terms of bidegree (T, 0) and (0, T) in (z, z) from ^J^, we obtain 

j Gt,o(^) + ^tA^) = </'T,o(2) + a(z) 
\v'o,Ti^) = Va-Tiz) + b{z) 

where a(z), b{z) are the sums of terms that are determined by the induction hypothesis . Using the normalization 
condition tp^ ^^(z) — ip'rp^^(z) we obtain that gTS){z) = y^T,o{z) + a(z) — 5(z) — (^o,t(^)- D 

The Extended Moser Lemma leaves undetermined an infinite number of parameters (see (|2.12l) ). They act on the 
higher order terms. In order to determine them and complete our partial normal form we will apply in the course the 
sections 3 and 4 the following two lemmas: 



(2.27) 
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Lemma 2.3. Let P{z) he a homogeneous pure polynomial. For every k S N*, there exist Q{z), R{z) unique polynomials 
such that 

(2.28) P(z) = Q(z)A(z)'= + i?(z), (A'^)* (i?(z)) = 0. 

Lemma 2.4. For every homogeneous polynomial P{z) of degree {t + l)s there exist a unique decomposition 

(2.29) P{z) = L{z) + Ciz), (AfeA*)*(C(z)) = 0, fc = l,...,iV. 

such that L{z) = (Ai(z)Ai(z) + ■ • ■ + An{z)An{z)) A(z)*, where Ai(z), . . . , An{z) are linear forms. 
Both of lemmas 2.3 and 2.4 are consequences of the Fisher decomposition (see I16j ). 



Remark 2.5. Lemma 2.4 is a particular case of the generalized Fisher decomposition. The polynomial L{z) is uniquely 
determined, but the linear forms Ai{z), . . . , An(z) are not necessary uniquely determined. In order to make them 
uniquely determined we consider a nondegenerate polynomial A(z) (see (jl.Sp and Definition 1.2). 

The following proposition shows us the nondegeneracy condition on A(z) is invariant under any linear change of 
coordinates: 

Proposition 2.6. // A(z) is nondegenerate and z i — > Az is a linear change of coordinates, then A(Az) is also 
nondegenerate. 

N 

Proof. Let A(z) = A{Az), where A = Wjk}i<j k<N- Therefore Aj(z) = '^Ak{Az)ajk, for all j = 

_ fc=i _^ 

1,...,A^. We consider £i(z), . . . , £jv(z) linear forms such that £i(z)Ai(z) + •■• + Cn{z)An{z) = 0, or equiv- 

N 

alently ^ Ak{Az)Cj{z) ajk = 0. Since A(z) is nondegenerate and {'^jfc}i<jfe<jv invertible it follows that 

3,k=l 

Ci{z) = --- = CNiz) = 0. □ 

The system of weights : Following the line of [9] , we define a system of weights for zi,'zi, . . . , zn, 'z^ as follows. We 
define wt {zk} = 1 and wt {zk} — s — 1, for all k = 1, . . . , A'^. If A{z, z) is a formal power series we write wt {^(2;, z)} — k 
if A {tz,t''-'^z) ^ O (t^). We also write Ord {A{z,z)} > k if A {tz,tz) = t^A{z,z). We denote by Ql,{,z,z) a series in 
(z, z) of weight at least m and order at least n. We define the set of the normal weights 

wt„or {w] = 2, wt„or {Zl] = ■■■ = Wtnor {zn} = wt„or 1 } = • • • = wt„or {zn} = 1- 

Notations ; If h{z,w) is a formal power series with no constant term we introduce the following notations 

h{z, w) = ^ hlll^{z, w), where hnlr {tz, t^w) = t'hnlriz, w), 

(2.30) '^^ 

h>i{z,w) = ^ft^oUz,u;), hi<{z,w) ^^hlll^{z,w). 

k>l k<l 

3. Proof of Theorem 1.3-Case T+l = ts + l,t>l 
By applying Extended Moser Lemma we can assume that M is given by the following equation 

T+l 

(3.1) w = {z, z) + 

(^™,„(^,2) + o(r + 2), 

m+n>3 

where iprn,n{z,^) satisfies [1.141) . for all 3 < m + n < T. 

We perform induction on T > 3. Assume that (|1.15p holds for tpkfi{z), for all /c = s + 1, . . . , T with k — mod (s). 
If T + 1 {ts\ t^W- {1, 2}} U {ts + 1; f e N*} we apply Extended Moser Lemma. In the case when T + 1 e 
{ts] i S N* — {l}}U{is + 1; i G N*}, we will look for a formal map which sends our submanifold M to a new submanifold 
M' given by 

T+l 

(3.2) w'^{z',z')+ 0(^ + 2), 

m+n>3 

where ip'^ „ (z', z') satisfies (I1.14p . for all 3 < rn + n < T and ip'^. q (z') satisfies (ll.lSp . for all k = s + 1, . . . , T with 
fc = 0, 1 mod (s). We will obtain that ^p'^^ q(z) ~ ipk,o{z) for all fc = 3, . . . , T. 
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In the course of this section we consider the case when T + 1 = ts + 1. We are looking for a biholomorphic 
transformation of the following type 

(z', w') ^ {z + F{z, w),w + G{z, w)) 

o\ T-2t T-2t 

F{z,w) = ^io*+'H^,«^), G{z,w) = GaV+'+^H^,^")' 

1 = T=0 

that maps M into M' up to the order T + 1 = ts + 1. In order for the preceding mapping to be uniquely determined we 
assume that Fn^l^^\z, w) is normalized as in Extended Moser Lemma, for alH = 1, . . . T. Substituting p.3p into 
we obtain 

T+l 

(3.4) w + G{z,w) = {z + F{z,w),z + F{z,w))+ ^ V?™,™ (-^ + F{z, w),z + F{z, w)j + O (T + 2) , 

where w satisfies (|3.ip . By making some simplifications in (|3.4p using (|3.ip . we obtain 



(3.5) 



T-2t / T-2t 



T=0 \ 1=0 



T-2t 



Y F^fr^'^ {Z,{Z,Z) + ^>S{Z,Z)) 



1=0 



T-2t T-2t 



•>3 h + E ^) + ^>3(^,^)) ,z+J2 Fill+'^ (z, {z, z) + ^>,{z,z)) 



1=0 



Collecting the terms with the same bidegree from p.Sp . we find F(z,w) and G{z,w) by applying Extended Moser 
Lemma. Since we don't have components of F{z, w) of normal weight less than 2t and G(z, w) with normal weight less 
than 2t + 1, collecting in p.Sp the terms with the same bidegree (m, n) in {z,z) with m + n < 2t + 1, we obtain that 

Collecting the terms of bidegree {m,n) in (z,z) with m + n = 2t + 1 (like in the Extended Moser Lemma proof) 
we find G^^or^^^z , w) and Fn^*J{z,w) as follows. We make the following claim: 



N 



Lemma 3.1. G^nor^^\z,w) — 0, Fn^*J{z,w) = aw* — z{z,a)w* ^, where a — (ai, . . . ^a^) G C 

Proof. Collecting the pure terms of degree 2i + 1 from (|3.5I) . we obtain that <p2t+i,o(-z) = <P2t+i oi^)- Collecting 
the terms of bidegree (m, n) with m + n = 2< + 1 in (z, z) and < m < n — 1 (j3.5p . we obtain 

(3-6) (^^ „(z,z) = - (z,F„_„i+i,„_i(z)) (2,2)""^ + (^„^„(z,z). 

bmce (pm,n (2, z), <i5m n(^i ^) satisfy (|1.14p. by the uniqueness of the trace decomposition, we obtain Fn-m+i,m-iiz) = 0. 
Collecting the terms of bidegree (to, n) in (z, z) with m + ji = 2t + 1 and m > n + 1 from (j3.5p . we obtain 

(3.7) (p'„ „(z,z) = G„_„,„(z)(z,z)" - (F„_„+i,„_i(z),z) (z,z)""^ + (^„^„(z,z). 

Since Fm-n+i.n-i(z) = it follows that Gm-n,n(z) — 0. Collecting the terms of bidegree (t— l,t) and {t,t— 1) in (z,z) 
from ()3.5p . we obtain the following two equations 

93'f_l,t(^>^) = - {{Fo,t~l{z),z) {Z,Z) + (Z,^2.t-2(z))) (Z,Z)*~2 + ipt-lAz,z), 

¥'M-i(^,^) - Gi,t_i(z)(z, z)*-i - ((F2,t_2(2), ^) + ^^o,t-i(^)) 2)) ^)*"' + 

Using p.Sp it follows that Git_i(z) = 0. We set Fq t-i{z) = a ~: (ai,...,aAr) and we write F2t-2{z) = 
{Fl^,{z),...,Fi^,_,iz)). bmce ^rn,n 

(z, z), (p'^Az,z) satisfy (|1.14p . by the uniqueness of the trace decomposition, 
from p.8p we obtain the equation (z, a)(z, z) + {F2^t-2{z), z) = 0, that can be solved as 

(3.9) Flt_2iz)^-^{{z,a){z,z))^-Zk{z,a), fc = l,...,iV. 

ozk 

Therefore F^or {z, w) = aw* — z{z, a)w*~^, where a — (oi, . . . , ajv) £ C^. □ 
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By Lemma 3.1 we conclude that F{z,w) — Fnor {z,w) + F>2t+iiz,w) and G{z,w) — G>2t+2{z,w) (see ()2.30p ). We 
also have F>2t+i(-z, w) — ^ Fk^i{z)w\ where Fk^i{z) is a homogeneous polynomial of degree k. It follows that 

k+2l>2t+l 

(3.10) wt{i^>2t+i(z, w)} > min {fc + Zsj > min {k + 2l}>2t+\. 

fe+2/>2t+l *:+2;>2i + l 

Next, we prove that wt < F>2t+i(z, 'w) \ > is + s — 1. Since wt F>2t+i{z, w) \ > min {fc(s — 1) + Is}, it is enough 

to prove that k{s — l) + ls > ts + s — 1 for k + 2l > 2t + l. Since we can write the latter inequality as (fc — l)(s — 1) + Ls > ts, 
for {k — l) + 2l> 2t, it is enough to prove that k{s — 1) + Zs > ts, for k + 2l > 2t. Since s > 3 it follows that fcs — 2fc > 0. 
Hence 2k{s - 1) + 2ls > ks + 2ls. It follows that k{s - I) + Is > ^{k + 21) > = ts. 

Lemma 3.2. Using the previous calculations, we give the following immediate estimates 

>ts + 2, 



wt{F>2t+i{z,w)}>2t+l, wt\^F>2t+i{z,w)^ >ts + s-l, wt^\\F>2t+i{z,w)f^ 

(3.11) wt^Fl^^Xz,w)]>ts + 2-s, wt^Fl-?o){z,w)^>ts, wti^F^^^) {z,w)\^^ > ts + 2, 

wt [(^Fi^^) {z, w),F>2t+i {z, «;))}, wt{ (^F>2t+i{z, w), F^fJ {z, w))}>ts + 2, 
where w satisfies LS.l]) . 

As a consequence of the preceding estimates, we obtain 

(3.12) \\Fiz,w)f = \\Fil'Xz,w)f + 2Re (^F^^^) {z , w) , F>2t+i{z , w)) + \\F>2t+i{z,w)f = Qf^Xli^.z), 

where w satisfies p.ip . We observe that the preceding power series Q11'\_\{z,^) has the property wt |6ts+2(-2^i^)| ^ ts+2. 

In order to apply Extended Moser Lemma in p.Sp we have to evaluate the weight and the order of the terms which 
appear and are not ,,good". Beside the previous weight estimates (see (|3.1ip and p.l2p ) we also need to prove the 
following lemmas: 



Lemma 3.3. For all m,n>l and w satisfying S3.1\) . we have the following estimate 

(3.13) ip',^ „(^z + F{z,w),z + F{z,w)j ^ ip'„-^ J z,z) + 2Re (^el{z,z),F>2t+i{z,w)'^+etlli{z,z), 

where wt i^ef^Xl{z,z)^ >ts + 2. 

Proof. We make the expansion ip'^ ^ + ^i^i w),z + F{z, w)^ — (/3^_„(z,z) + . . . , where in ,,. . . " we have differ- 
ent types of terms involving Fk'.i'{z) with k' + 21' < m + n and normalized terms (pkj{z,^), (p'j^ i{z,^) with k + l < m + n. 
In order to study the weight and the order of terms which can appear in ,,. . . " it is enough to study the weight and the 
order of the following particular terms 

Ai{z,w) = Fi{z,w)z-'z-^ , A2{z,w) ^ z'^z-^^Fi{z,w), Bi{z,w) ^ F2{z,w)z^z-\ B2{z,w) = F2{z,w)z'^z'-'^ , 

where Fi{z, w) is the first component of Fnor {z, w) and F2{z, w) is the first component of F>2t+i{z, w). Here we assume 
that |/| = m — 1, — m, \ Ji \ = n — 1, \J\ = n. 

Using (13. lip we obtain wt{Ai(z,u')} > m — 1 + + 2 — s + n{s — 1) > is + 2. It is equivalent to prove that 
m — l-|-s(n— 1) — n > 0. This is true because to — 1 + s{n — 1) — n > m— 1 + 3(n— 1)— n> TO + 3n — 4 — n> 3 + n — 4 > 0. 
On the other hand, we have Ord {Ai (z, w)} > to — 1 + 2i + n > 2t + 2. 

Using ([XTT]) we obtain wt {A2{z,w)} > m + ts + {n - l)(s - 1) > is + 2 m + (s - l){n - 1) > 2. We have 
TO + (n — l)(s — 1) > TO + 2(n — 1) > TO + 2n — 4 > 0, and this is true because to + n > 3 and m,n > 1. On the other 
hand we have Ord {^2(0, w)} >m + 2t + n- l>2t + 2. 

In the same way we obtain that Ord{_Bi(z, w)}, Ord{i?2(z, w)} > 2i + 1. Using (I3.11|) . every term from ,,. . . " that 
depends on F2{z,w) can be written as Q'j.{z,'z)F2{z,w). From here we obtain our claim. □ 

Lemma 3.4. For w satisfuina \3.1\) and for all k> s, we have the following estimation 

(3.14) ^'^{z + F{z,w))^^'^{z) + 2Re (qI{z ,z) , F>2t+i{z , w)) + Qf+l{z ,z) , 

where wi |e?*+^(z, 2)| > is + 2. 
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Proof. We make the expansion ip'^, {z + F(z, w) = (^{^.(z) + . . . .To study the weight and the order of terms which 
can appear in it is enough to study the weight and the order of the following terms 

AfyZ^vS) = Fi{z,w)z' , B{z,w) = F2{z,w)z^ , 

where Fi {z, w) is the first component of Fnor {z, w) and F2 {z, w) is the first component of F>2t+i{z, w). Here we assume 
that |/| = TO — 1 > s. Then, by p.lip . we obtain that wt {A(z, w)} >s + ts + 2 — s>ts + 2. On the other hand, we 
have Ord {A{z, w)} > s + 2t>2t + 2. Using p.lip . every term from ,,. . . " that depends on ^2(2, w) can be written as 
Q1{z,'z)F2{z,w). From here we obtain our claim. □ 

We want to evaluate the weight and the order of the other terms of (|3.5p . By Lemma 4.3 and Lemma 4.4, it remains 
to evaluate the order and the weight of the terms of the following expression 

S{z,z) = 2Re {F{z,w), z) + 2Re {^^ (z + F{z,w))}, 
^^'^^^ = 2Re (z, w) + F>2t+i {z, w), z) + 2Re { A (z + F^^^X^-, w) + F>2t+i (z, w)) } , 



where w satisfies (|3.1I) . 

Lemma 3.5. For Fnor (z^w) given by Lemma 4.1 and w satisfying H3.1]) we have 
(3.16) 2Re {z,w),z) - 2Re {{z,a)A{z)w'-'}+e',lXl{^,z), 

where wt ^^efm{z,z)^ >ts + 2. 
Proof. We compute 

2Re (^Fil'J (z, w) , = 2Re {w* (a, z) } - 2Re { (z, a) (z, } , 

(3-17) = 2Re {(z,a)w* - {z,a){z, z)w*-'^} + {a, z) {w* -w*) + {z,a) (w* - w*) , 

= 2Re {(z,a)A(z)w*-i} +e2*+2(z,z), 

where wt ^^Q^^l+l{z,z)^ >ts + 2. □ 

In course of our proof we will use the notation A'(z) = (Ai(z), . . . , AAr(z)). It remains to prove the lemma 
Lemma 3.6. For w satisfying 113.1]) we have the following estimate 

2Re{A(z + F(z,w))} =2Re {A(z) - s(z, a)A(z)w*-i} 

+ 2Re (a'(z) + el{z,z),F>2t+i{z,w)) + ef+liz,z), 

where wt^ef^iz,!)^ >ts + 2. 

Proof. Using the Taylor expansion it follows that 

(3.19) 2Re {A (z + F{z,w))} = 2Re j A(z) + ^ Akiz)F^2t{z,w) + L{z,z)\ , 



fc=i 



where F>2t(-z, w) ~ (F>2f (2, w), . . . , F^2ti^^ ^'^'^ ^i^^ ^) — (^^"si^^ z),F>2t+i{z, We compute 

N N 

V2Re {Ak{z)F^2^{z,w)} =y^2Re {Afe(z) {akw' - Zk{z,a)w'-^ + F^2^^,{z,w))} , 
(3.20) fc=i fc=i 



= e2*+2(z,z)-2.sRe {(z,a)A(z)u;*-i}+2Re ^A'(z), F>2t+i(^, w) 
where wt |e^*|^(z, z)| >ts + 2. □ 
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For w satisfying p.ip . by Lemma 3.5 and Lemma 3.6, we can rewrite (|3.15|) as follows 
(3.21) =2(l-s)Re {{z, a)A{z)w'-'} + 2Re (l+A'{z) + Ql{z ,z) , F>2t+i {z,w)) + Qf+liz^z), 

where wt lOj'^jl-^^)'^)! > + 2. By Lemmas 3.1 — 3.6 we obtain 

G>2t+2 {z, {z,z) + (^>3(z,z)) =2(1 - s)Re |(z,a)A(z) {{z,z) + (/3>3(z, 
(3-22) + 2Re (z + A'(z) + Ql{z ,z) , F>2t+i {z, {z,z) + ^>3{z,z))^ 

+ ^>2t+2(z,z) - ip'y2t+2iz,z) + e?*|^(z,z), 

where wt ^e^^l+liz^z)^ >ts + 2. 

Assume that t = 1. Collecting the terms of total degree fc < s + 1 in (z,^) from (|3.22p we find the polynomials 
(^Gitor^\z,w), Fnor{z,w)j toT all k < s. Collecting the terms of total degree m + n = .s + 1 in {z,z) from p.22p . we 
obtain 

(3.23) G^r+i) (z, {z, z)) =2(1 - s)Re {{z, a)A(z)} + 2Re (z, F^t {z. {z. z))) + ^;+i(z, z) - Vs+i{z,z) + (61):+^ (z, z). 

By applying Extended Moser Lemma we find a solution {Gnor"^ (z, w), Fnol-iz, w)^ for the latter equation. We consider 
the following Fisher decompositions 

(3.24) ^.+1,0(2) - Q{z)A{z) + R{z), ^;+i,o(^) = Q'iz)A{z) + R\z), 

where A* (i?(z)) = A* {R'{z)) — 0. We want to put the normalization condition A* {f's+i o{z)) — 0. Collecting the 
pure terms of degree s + 1 in p.23p . by p.24p we obtain 

(3.25) ^'s+iA'') = ^s+i,oiz) - (1 - s)(z, a)A(z) = (Q(z) - (1 - s)(z, a)) A(z) + i?(z), 

where Q{z) is a determined polynomial of degree 1 in zi,...,Z7v. It follows that Q'{z) — Q{z) — (1 — s){z,a) and 
R'{z) = R{z). Then the normalization condition A"^ {f's+i o{z)) = is equivalent to find a such that Q'{z) = Q{z) — 
(1 — s){z,a) = 0. The last equation provides us the free parameter a. 

Assuming that i > 2, we prove the following lemma (this is the analogue of Lemma 3.3 from 9 ): 

Lemma 3.7. Let Ns := ts + 2. For all < j < t - 1 and p G [2t + j{s - 2) + 2,2t + (j + l)(s - 2) + 1], we make the 
following estimate 

, ^ G>p(z,u)) =2(1- s)^'+iRe { (z, a) A(z)^'+iw*-^'-H + 2Re (z + A'(z) + ^l{z, z), ^^>p_i(z, w)\ 

(3.26) \ ' 

+ 'f'>j,{z,z) " i^>p(z,z) + e^^(z,z), 

where |0^''"^(z, z)| > and w satisfies i3.1\) . 
Proof. 

Step 1. When s = 3 this step is obvious. Assume that s > 3. Let pq — 2t + j{s — 2) + 2, where j e [0, i — 1]. We 
make induction on p G [2t + j{s — 2) + 2, 2t + {j + l)(s — 2) + 1]. For j = (therefore p = 2< + 2) the lemma is satisfied 
(see equation p.22p '). Let p > po such that p + 1 < 2t + {j + l){s — 2) + 1. Collecting the terms of bidegree {m,n) in 
(z, z) from p.26p with m + n = p, we obtain 

(3.27) Girl {z, {z,z)) = 2Re (z,Fi?-i) (z, (z,z))) + ^;(z,z) - ^p{z,z) + (81)^^ (z,z). 

By applying Extended Moser Lemma we find a solution (^Fn^r^\z,w),G^or{z,w)j for p.27p . Assume that p is 

even. In this case we find Fnor^\z,'w) recalling the cases 1 and 3 of the Extended Moser Lemma proof. Using the 
cases 2 and 4 of the Extended Moser Lemma proof we find Giforiz^w). Since wt|(0i)^^^ (^7'z)| > Ng we obtain 

wt{{jFi?~'^ (z,(z,z)),zj)},wt{(i^^?^'^ iz,{z,z}),z)^ > Ns. Also wt {c^fol (z, (z, z))} , wt {g11 (z, (z, z))} > N^. 
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We can bring similarly arguments when p is even. We obtain the following estimates 



(3.28) wt [F^Zr^\z,w) - F^For^^ (z, > iV, - 1, wt [Fil-^\z,w) - FiP-^^ (z, (z,z})} > Ns -s + 1, 

wt {Citi^, w)] > N,, wt {Glt(z, w) - Git ^))} > N,, 
where w satisfies p. II) . As a consequence of p. 271) wc obtain 

G^Pliz,w) - Git (^,^)) = 0^t'(^,^)', 2Re (z,FiP;'Hz,w) - Fi^;'^ (z, {z,z))) = e5^+i(z,z)', 

(3.29) ^ ^ ^ ^ ^ ^ 

(A'(z) + e2(z,z),^^i?;i)(z,«;)) + (Fi?;^)(z,«;),A'(z) + e2(z,z)) = e^^+i(z,z^ 

and each of the preceding formal power series 0^^(z,z)' has the property wt |0^^(z, z)'| > Ns- Substituting 
F>p-i{z, w) — Fnor ^\z, w) + F>p{z, w) and G>p{z, w) = Git(z, w) + G>j,+i(z, w) into p.26l) . we obtain 

G(pUz,w;) + G>p+i(z,«;) =2(1 - s)-'+iRe {{z,a)A{zy+W-^-^} 

(3.30) + 2Re ^z + A'(z) + el{z, z),Ftr'^ (z, w) + F>p{z,w)) + ^^(z, z) - ^p(z, z) 

+ (2;,^) +¥''>p+i(2^,^) - f>p+i{z,z) + e^+^(z,z). 

Collecting the pure terms of degree p from (|3.27p . it follows that (pp^Q{z) — (p'p_o{z) + where in we 
have determined terms with the weight less than p < Ns := ts + 2. Therefore (ppfi{z) = (/?pg(z). We will obtain that 
fkfiiz) — <f'k q{z), for all fc = 3, . . . , T. By making a simplification in (I3.30p using p.27p . it follows that 

G>p+i{z,w) =2(1 -5)^+iRe {{z, a) /^{zy+^ w'-^-^] +2Re + {z) + <dl{z ,z) , F>p{z , w)) 
(3-31) ^ _ _ _ ' +1 _ 

+ V'>p+l{z,z) -Lp>p+l{z,z) + J(Z,Z) +e^^ (Z,z), 

where wt |9^^(z, z)| > Ng and 



+ Gl^liz,{z,z))-Gi^l{z,w). 

Using (|3:28l) and (|3:29l) it follows that J(z,z) = Q^j^^^iz,!), where wt |e^+^(z, z)| > Ns. 

Step 2. Assume that we have proved Lemma 3.7 for p G [2t + j{s - 2) + 2, 2i + (j + l)(s - 2) + 1] for j e [0, t - 1]. 
We prove Lemma 3.7 for p G [2t + {j + l)(,s — 2) + 2, 2t + {j + 2){s — 2) + 1]. Collecting the terms of bidegree (to, n) in 
(z, z) from (|X26l) with to + n = A + 1 := 2t + (j + l)(s - 2) + 1, we obtain 

Git+')(z,(z,z)) =2(1-5)^+1 Re {(z, a) A(z)^+i (z, z)*-^-i } + 2Re (z, Fi^)(z, (z, z))) 
+ 'Pa+i(2:, z) - (pA+i{z,z) + (z,z). 



Here wt |(8i)^^^ (z, z)| > Ns- We define the map 

(3.34) Fi^Uz,w) = '(z,u;) + F^^\z,w), Fi^\z,w) = -(1 - sy+' {z,a)A{zy+'w'-^-' (zi,. . . ,z^) , 
Substituting (|3.34l) into (|3.33l) . we obtain 

(3.35) GlV (z,(z,z)) = 2Re (z, i^f ^(z, (z, z))) + ^a+i(z,^) - ^A+i(z, z) + (61)^^+^ (z,z). 
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By applying Extended Moser Lemma we find a solution (^G^wt^^ {z,w), i^2^' {z, w)j for p.35p . Using the same arguments 
as in the Step 1 we obtain the following estimates 

wt{Gitt'\z,w)-Gltt'^ (z, ,wt{G('^„+i)(z,^)} , wt {g(^„+i) (z, > 7V„ 

(3.36) wt {Ff )(z,«i) - i^f ^ (z, , wt {Ff )(z, w)} , wt [f^^^ (z, (z,z))} > iV, - ,s + 1, 

wt (z,(^,^»} , wt {^f^^} , wt {^f^ (z, (z,z))} > iV, - 1, 

where w satisfies p.ip . As a consequence of p.36p we obtain 



(a'(z) + el{z,z),F^^\z,w)) + (F^^\z,w),A'iz) + e2(z,z)) = O^f (z,z)', 
(3.37) ^ / \ ^ / ^ 

G(t^^)(z,t.) - Glt^^) (z, (z,z)) = e^f (z,z)', 2Re {F^^\z,w) - F^^ (z, (z,z)) ,z) = O^f (^'^)'' 

where w satisfies p.ip and each of the preceding formal power series has the property wt |8^"^^(z, z)| > Ns- Substi- 
tuting F>a{z,w) = Fnolizjw) + F>A+i{z,w) and G>a+i(z,w) = Gi!^ot^\z,w) + G>a+2{z,w) in p.26p . we obtain 
(3.38) 

Gi^+^\z,w) + G>A+2(z,u;) - 2(1 - sY+^Re {{z,a)A{zy+^w'''-^} 

+ 2Re ^z + A'(z) + e^(z,z),Fio,^(z,u;) + F>A+i(z,u;)^ + v'A+i(z,z) -(^^+i(z,z) 

+ '^'>A+2(^>^) - •^>A+2{z,z) + (61)^+^ (z,z) + e^+^(z, z). 
By making a simplification in p. 381) with (I3.33p . and then using p. 341) . we obtain 

(3.39) G>A+2(z, w) = 2Re ^z + A'(z) + e^(z, z), F>a+i(z, ?i;)J) + ^'>a+2(2, z) - ^>a+2(z,z) + e^+^(z,z) + J(z,z), 
where 



(3.40) 



J(z,z) = 2Re (z,F/i)(z,«;) -F/^) (z,(z,z))) +2Re (a'(z) + e2(z, z), ^^^^(z, 
+ 2(l-s)^+iRe {{z,a)A{zy+^w*^'~^ - {z,a)A{zy+\z,zy-^-^} 
+ Gl^i(z,(z,z))-Gi^i(z,u;), 
- 2Re (z, Fi^\z, w) ~ F^^^ (z, (z, z)) + ^ (z, w) - ^ (z, (z, z))) 



+ 2Re (a'(z) + e^(z, z),f(^'(z,^) + F^ ^(z,^;)) + G^^i (z, (z, z)) - G'^i (z,«;) 
+ 2(1 - s)^+iRe {{z,a)A{zy+^ {w*-^-^ - (z,z)*-J-i)} . 
Using ((X36| and ([337)) it follows that 



^3^^^ J(z,z) = 2Re (z,Ff'(z,u;)-F(^)(z,(z,z))) + 2Re (a'(z) + e2(z, z), F^^' (z, 7«)) 

+ 2(1 - s)^+iRe {(z,a)A(z)^+i {w*-^-^ - {z, z)*-^-^)} + e^+\z,z), 

where wt |e^+^(z, z)| > A^s. We observe that 

(3.42) Re (z,Ff'(z,(z,z))) = -(l-s)-'"+iRe {(z, a) (z, zr-'"-iA(z)^+i } . 



Since wt |Fi^'^^(z, w)! > A^ - s and wt \^F^^\z, w)^ > Ns, it follows that 



(3.43) Re [el{z,z),F^''\z,w)) = Qi+\z,z), 
where wt |e^+2(z,z)| > A,. Using ([Xi^ and (013), we can rewrite ([5:iT|) as follows 

(3.44) J(z,z) =2Re ^z, Fi'^^(z, u;)^ + 2Re {Ja'(z), F^^"^^ (z, w)) + 2(1 - s)-''+iRe {{z,a)A{zy+^w*-^-^}+e^+^{z,z), 
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where wt |8^'^^(z, z)| > Ng. Substituting the formula of fI^^\z,w) in p.44p . we obtain 

J(z, z) = -2(1 - sY+'Re { (z, a)Aizy+'w'-^-' ((z, z) + ((zi, . . . , zat) , (a^), . . . , A^) )) } 

(3.45) 



+ 2(l-s)^'+iRe {{z,a)A{zy+^w'-^~^}+e^+^(z,z), 



= -2(1 - sy+^Re {{z,a)A{zy+^w'-^'^ {{z,z) + sA{z) - w)} + G^f (z,z), 
= 2(1 - sy+^Re {{z,a)A{zy+^w*-^-^} + e^+2(z,z), 

where w satisfies and wt |e^+^(z, z)| > iV^. □ 

Collecting the terms of bidegree (to, n) in (z, z) with m + n = ts + 1 and t = j — I from p.26p . we obtain 

Gl*„^+i) (z, (z,z)) =2(1 - s)*Re {(z,a)A(z)*} + 2Re (z,F,t'J (z, {z,z))] 



(3.46) 

+ 'Pts+ifii^'Z) - ^ts+i,o(z,z) + (61)*^+^ (z, z). 

By applying Extended Moser Lemma we find a solution ^Gnor^^''(z, w), i^ior' (z, w)^ for ()3.46|) . Collecting the pure terms 
from p.46|) of degree ts + 1, it follows that 

(3.47) Vts+iA^) - Vts+i,oi^) = (1 " ^Yiz, a)A(z)*. 

The parameter a will help us to put the desired normalization condition (sec (jl.lSp V By applying Lemma 2.4 for 
^ts+iA^) and if'ts+ifiiz), it follows that 

(3.48) 'Pts+M^) = (1 - s)*Q(z)A(z)* + i?(z), ip[,+,^oi^) = Q'(z)A(z)* + i?'(z), 

where (A*)"^ {R{z)) — (A*)* (i?'(z)) = 0. We impose the normalization condition (A*)* [ip'ts+i oi^)) — 0- This is equiv- 
alent finding a such that Q'{z) = 0. Here Q{z) is a determined holomorphic polynomial. We find a by solving the 
equation Q'{z) = (1 — s)*(z, a) — Q{z) = 0. 

Composing the map that sends M into p.ip with the map p.3p we obtain our formal transformation that sends 
Af into M' up to degree ts + 1. 

4. Proof of Theorem 1.3-Case T + 1 = {t + l)s, < > 1 
In this case we are looking for a biholomorphic transformation of the following type 

(z', w') — {z + F{z, w),w + G{z, w)) 

/A 1 \ T-2t-l T-2t 

^ • ^ F{zM = E ^^i'o*+'+^H-,^), G(z,u;) = E G,l™^)(^,«^)' 

that maps M into Af up to the degree T-|-l = (t + l)s. In order to make the mapping (|4.ip uniquely determined we 
assume that F^or^''^'^^ (z, w) is normalized as in Extended Moser Lemma, for alH = 1, . . . T. Replacing (|4.ip in p.2p . 
and after a simplification with p.ip . we obtain 

r-2t-i /T-2«-l \ 

E Ga*+2+-)(z,(z,z) + (^>3(z,z))=2Re( E F^Z+'+''>{z,{z,z) + ^>:,{z,z)),z) 



(4.2) 



T=0 \ i=0 

T-2t-l ^ 
E J^i™^(^,(^,^) + '^>3(^,^)) 



T-2t T-2t 



+ V'k^ h + E ^io*/'^'^ (^'^) + ¥'>3(^,^)) ,^ + E ^nor+'+'' ^) + ^>3(^,^)) " ^>3{z .z) . 



Collecting the terms with the same bidegree in (z,z) from (j4.2p we will find F{z,'w) and G{z,'w) by applying 
Extended Moser Lemma. Since i^(z, w) and G{z, w) don't have components of normal weight less than 2t + 2, collecting 
in (j4.2p the terms of bidegree {m,n) in (z,z) with m + n < 2t + 2, we obtain (y3^„(z,z) = (/3„j „(z, z). 

Collecting the terms of bidegree {m,n) in (z, z) with m + n = 2t + 2 from (|4.2p . we prove the following lemma: 
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Lemma 4.1. Gnor'^\z,w) — (a + a) Fno',^^\z ., w) = w*- 



an 



aiN 



aNN 




where a is the trace of 



the matrix (aij)i<ij<jv 

Proof. Collecting the pure terms of degree 2t + 2 from (|4.2I) . we obtain that f2t+2{z) = f2t+2{^)- Collecting the 
terms of bidegree (m, n) in {z,z) with m + n — 2t + 2 and < m < n — 1 from (|4.2[) . we obtain 

(4.3) lf'^ Jz,z) = - {z,Fn^„i+l,fn-l{z)) (z,2;}™^^ + Lp^^n{z,z). 

{z,z), (p'„^ {z,z) satisfy p.l4p, by the uniqueness of trace decomposition, we obtain F„_„i+i,„_i(z) = 0. 
Collecting the terms of bidegree (to, n) in (z, z) with to + n = 2t + 2 and to > n + 1 from (j4.2l) . we obtain 

(4.4) <^'^ „(z,z) = G™_„(z)(z,z)" - (F„-„+i,„-i(z),z) (z, z)""^ + </3™,„(z, z). 

Since F„_m+i^„i_i(z) = it follows that Gm~n{z) ~ 0. 

Collecting the terms of bidegree (t + 1, i + 1) in (z, z) from ()4.2p . we obtain 

(4-5) vsj+i j^^i(z,z) = {Go^t+i{z){z,z) - (Fi,t(z),z) - (z,Fi^t(z))) (z,z)* + (z, z). 

Then (14. 5p can not provide us _Fi.t(z). Therefore Fi^t{z) is undetermined. We obtain 

/ an . 



(4.6) 



F(r^)(z,^) = ^* 



1 


^.1 \ 




\ ZN 



y a^i . . . gnn 

The trace of the matrix a is determined by an, . . . , qnn- We can write an = a + bn, . . . , a^N = a + ^ArAr. We also use 
the notations bkj — ak.j, for all k ^ j. The matrix i? = (^fe,j)2<fe j<jv represents the traceless part of the matrix A. 
By applying Lemma 2.1 to the polynomial (i*i.((z), z), we obtain (i^i.t(z),z) = a{z,z) +P(z,z) with tr (P(z,z)) = 0, 

N 

where P{z,'z) = bi jZiZj. Using the preceding decomposition we obtain 

(4.7) ^;+i^t+i(^,^) = (Go,i+i(^) -a- a) (z, z)*+i + ^t+i,t+i(z, z) - 2Re {P{z,z){z, zf) . 

Since tr (P(z, z)) = it follows that tr*+i (Re (P(z, z)(z, z}*)) = (see Lemma 6.6 from ^\). □ 

We can write F(z,w) = F,lor^^^ (z, w) + F>2t+'i{z,w) and G'(z,w) = G>2t+2(2^,w) (see p.30p ). We have 
F>2t+2{z,w) ~ ^ F/j.^;(z)w', where i^fc_z(z) is a homogeneous polynomial of degree fc. Therefore wt {F>2t+2(^:, w)} > 

fc+2i>2t+2 



k+2l 



min {fc + Lsj > min {k + 2/| > 2t + 2. Next, we show that wt F>2t+2(2, w) > > ts + s — 1. Since 

2i>2t+2 fe+2(>2t+2 L - J 

wt \ F>2t+2(^, w) > > min {fc(.s — 1) + ls\, it is enough to prove that fc(s — 1) + > ts + .s — 1 for fc + 2Z > 2t + 2. 

L ~ J /c+2/>2i+2 

Since we can write the latter inequality as (k — l)(s — 1) + > ts for (A: — 1) + 2Z > 2i + 1, it is enough to prove that 
fc(s — 1) + Zs > for /c + 2^ > 2i + 1 > 2t. Continuing the calculations like in the previous case we obtain the desired 
result. 



Lemma 4.2. For w satisfying L3.1\) . we make the following immediate estimates 

wtlFili+^Hz,w)\ >ts + l, wtlFill^^Hz,w)\ >ts + s-l 
(4-8) wtiF~>-,,.'>(z. w)\ > 2t + 2. U > + s - 1 



F, 



(2t+l) 



(z, w) 



> ts 



u')} >ts + l, {f£*+''(z, w)} >ts + 
wt{F>2t+2{z,w)}>2t + 2, ^F>2t+2{z,w)^ >ts + s-l, wt^\\F>2t+2{z,w)f^ >ts + s + l, 
{ w),F>2t+2{z, w))}, {F>2t+2{z, w), f£*+i) (z, w))] 



> ts 



As a consequence of the estimates (|4.8p we obtain 

2 



(4.9) \\Fiz,w)r-- 
where wt {e2*+3^i(z, z)} 



Fill+'Hz,w)\\ +2Re (F£*+i)(z,u;),P>2t+2(z,u;)) + ||F>2*+2(z, «;)f = e2*+f+i(z, z). 



> is 
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In order to apply Extended Moser Lemma in (|4.2p we have to identify and weight and order evaluate the terms 
which are not ,,good". We prove the following lemmas: 

Lemma 4.3. For all m^n >1 and w satisfying iS.l]) . we make the following estimate 

(4.10) ip'„^^n(^z + F{z,w),z + F{z,w)j ^ ip'^^ „{z,z) +2Re {^6^(2, 2),F>2t+2(2:, w)) + 6L*+s+i(2) 2)> 

where |e^*+f^i(z, z)| > ts + s + 1. 

Proof. We have the expansion „ ^z + F(2:, w), z + F(z,ui)^ = ^(Zj'z) + . . . (see the proof of Lemma 3.3). 
In order to prove (|4.10p , it is enough to study the weight and the order of the following particular terms 



Ai{z,w) ^ Fi{z,w)z-^T-' , A2{z,w) ^ z-'^T-'^Fi{z,w), Bi{z,w) ^ F2{z,w)z^T'' , B2(z,w) = z^^t'"- F2{z,w), 

where Fi{z,w) is the first component of Fn^*r-^^\z , w) and F2{z,w) is the first component of F>2t+2{z,'w). Here we 
assume that \I\ = m — 1, \ J\ — n, \Ii\ = m, \ Ji\ = n — 1. 

Using (|4.8I) we obtain wt {^i(z, w)} > m— l + ts + l + n{s — 1) > ts + s + 1 <;==^ m + ns — n > s + 1 
m + s(n — 1) > n + 1 and the latter inequality is true since m + s(n — 1) > m + 3(n — 1) > n + 1. On the other hand 
Ovd{Ai{z,w)} >m~l + 2t + l + n>2t + 3. 

Using (|4.8p we obtain wt {^2(2, w)} > m + {n — l){s — 1) + ts + s — 1 > ts + s + 1 and the last inequality is equivalent 
with m + (n — l)(s — 1) > 2. The latter inequality can be proved with the same calculations like in Lemma 3.3 proof. 
On the other hand, we observe that Ord{Ai(2;, w)} >m + 2t + l + n — 1 >2i + 3. 

In the same way we obtain Ord {i3i(z, w)}, Ord {52(2, w)} > 2t + 2. Using (|4.8p , every term from that 
depends on F2{z,w) can be written as Q'j.{z,^)F2{z,'w). This proves our claim. □ 



Lemma 4.4. For all k > s and w satisfying S3. we make the following estimate 

(4.11) ^l„{z + F{z,w))^ip',Jz)+2Re {Ql{z,z),F>2t+2{z.w)) + Qf+_l^,{z,z), 

where |0t*+f+i(z, z)| > ts + s + 1. 

Proof. We make the expansion ip'^ (-^ P{z^ '^)) — f'k o('^) + ■ • • - To study the weight and the order of terms 
which can appear in ,,. . . " it is enough to study the weight and order of the following terms 

y4(z, w) = Fi(z, w)z'^, B{z,w) — F2Z^ , 

where Fi{z,w) is the first component of Fn^*r^^\z,w) and F2{z,w) is the first component of F>2t+z{z,w). Here we 
assume that |/| = m — 1 > s. From (14. 8p we obtain wt {A{z, w)} > s + ts + 1 ~ ts + .s + 1. On the other hand, we 
have Ord {A(z, w)} > 2t + s + 1 > 2t + 3. Using (14. 8p each term from ,,. . . " that depends on F2{z, w) can be written 
as Qg{z,^)F2{z,w). This proves our claim. □ 

Lemma 4.5. For w satisfying i3.1\) we have the following estimate 

2Re {A (z + F{z, w))} =2Re | A(z) + V Afc(z) (okizi + ■■■ + auNZN) \ 

(4.12) I J 



+ 2Re (A'(z) + Ql{z,z),F>2t+2{z,w)) + e?*t'+i(^-^)> 

where wt |et*|^_^i(2:, z)| > ts + s + 1. 

Proof. For w satisfying p.ip . we have the expansion 

(4.13) 2Re {A {z + F{z,w))} = 2Re | A(z) + ^ Ak{z)F^2t+iiz, ^o) + L(z, z)| + ef+l^,{z,z), 
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where F>2t+iiz,w) = (F>2t+i(2, w), . . . , Fy^t+ii^,'"^)) and L{z,z) = (q^{z,z), F>2t+2{z,w)y We compute 

N N ( / N 

(4.14) 1^ V J=i 

= 2Re iw*^Afc(z) (afcizi + --- + afeArzjv) > + 2Re /a'(z), F>2t+2(z, w; 



fe=i 



□ 



Lemma 4.6. For w satisfying ^3.1\) . we have the following estimate 

(4.15) Gg,*+2)(z,7«) -2Re l^F^Z^^\z,w), z) =2(a + a)Re { A(z)i«*} + 2Re {P{z,z)w')^Qf+l^^{z,z), 



N 




where P{z, z) — bkjZkZj and wt ^Q^l'j^^^-^^{z , z)| > is + s + 1. 

kj = l 

Proof. For w satisfying p.ip . by Lemma 4.1 it follows that 

/ / hi+a ... aiN 
Gi^*+^\z,w)~2Re(^Fjill+^\z,w),z'j^{a + a)w'+^-2Re/w*\ : ■.. : 

^ \ flATi . . . bNN + a 
= 2Re {aw*+i} - 2Re {aw*(z, z) + P(z, z)w*} +a(w*+^ - , 
= 2Re {aw* (w - (z, z))} - 2Re {P(z, z)u;*} + e?*+,^+i(z, z), 

- 2Re [aw* (a(z) + A(I)) } - 2Re {P{z,z)w'} + Qf+l+ii^^^^)^ 
= 2(a + a)Re {A(z)w*} -2Re {P(z, z)w*} + e2*+3^i(z, z), 
where wt |ej*+^+i(z, z)| > is + s + 1. □ 

Substituting F{z,w) = Fnor {z,w) + F>2t+2(z,u') and G(z,w) = G„or (zjw) + G>2t+s,{z,w) (see (|2.30p ') into 
(|4.2p and by Lemmas 4.2 — 4.6, we obtain 

G>2t+:i{z,w) = 2Re | f VAfc(z) (ofeizi + • • ■ + afcArzjv) - (a + a)A(z) ) +2Re {P(z,z) (ly* - (z,z)*)} 

(4.17) IVfci / J 

+ 2Re <Jz + A'(z) + e2(z,z),P>2t+2(^,^«)) + (^'>2t+3(2, z) - (/p>2t+3(2, 2) + e?l+f+i(z,z), 
where if satisfies (j3.ip and wt |0t*^f4,i(z, z)| > ts + s + 1. It remains to study the expression 

(4.18) E{z,z) = 2Re {P(z,z) (w* - (z,z)*)} . 
Lemma 4.7. For w satisfying ^3.1\) we make the following estimate 

(4.19) i?(z,z)==2Re |(p(z,z) + P(i:i))A(z) ^ u;^(z, z)' |> + e?lt\i(z, z) 



TV 



where P{z, z) = bkjZkZj and wt [q^1^^^i{z , z)| > is + s + 1. 
Proof. We compute 



(4.20) 



i?(z,z)-2Re |p(z,z)(a(z) + A(z)) ^ 
= 2Re |(p(z,z) + P(i;i)) A(z) ^ 

I k+l=t-l 



w''{z,zy\+e',l+l^,{z,z), 
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where wt|ej*+^+i(z,z)| > is + s + 1. □ 
We consider the foUowing notations 

N 

C{z,z) = Piz.z) + P{z,z) = ^ [bk,j +bjM) ZkZj, 

fcj=i 

(4.21) N ^ _ 

Q{z) ^^Ak{z) {akizi -\ \- akNZN) - (a + a) A{z), Qi{z) ^ ^ [bkj + bj^k) ZkAk(z). 

k=l k,j=l 

Then, for w satisfying p.ip . by Lemma 4.7 and the notations (|4.2ip . we can rewrite (|4.17p as fohows 

G>2t+3{z,w)^2Re {Q{z)w'} +2Re{C{z,z)A{z)Et-i{w,{z,z))} + 2Re (z + A'{z) + Q^iz, z),F>2t+2{z, w)) 

[4.ZZ) 

where wt |9j*|^+i(z, z)| >ts + s + l. Here Et-i (w, (z, z)) = ^ w'^{z, z)'. For p > 2i + 3 we prove the following 

k+i=t-i 

lemma ( the analogue of Lemma 3.4 from [9]): 

Lemma 4.8. We define e — 0ifp<2t + s and e = 1 ifp>2t + s,j— 1 if p < ts + 2 and 7 = if p = ts + 2 . Let 

N!. := ts + s + 1. For all Q < j < t and p e [2t + j{s -2) + 3,2t+ {j + l)(s - 2) + 2], we have the following estimate 

G>p{z,w) ^ 2{1 - sYRe {Q{z)A{zyw*-^} +2j{-iy Re I £{z,z)A{zy+^ ^ E\-iw^^{z,zY' 

(4.23) C j-i \ 

+ 2eRe |Qi(z)A(z)J'w;*-^' ^(-l)'^'(l - s)'i^/-n + 2Re (7. + A' {z) + QI(z,z),F>j,^^{z,w) 

+ •f'>p{z,z) ~ ip>p{z,z) + 9^,(2:, z), 

where wt ^Q^,{z,'z)^ > N!, and w satisfies iS.l]) . Here i?*^ with li + I2 = t — j — ^ and F^^^ with I = I, . . . ,j — 1 are 
natural numbers depending on some binomial coefficients. Also l3i £ N, for all I = 1, . . . , j — 1. 

Proof. For j = and fc = we obtain p = 2i + 3. Therefore (|4.23|) becomes (|4.22p . 
Step 1. We make a similarly approach as in the Step 1 of Lemma 3.7. 

Step 2. Assume that we proved Lemma 4.8 for m e [2t + j{s -2) + 3,2t+ (j + l)(s - 2) + 2], for j G [0,t - 1]. 
We want to prove that (jiTM)) holds for m e [2t + {j + l)(s - 2) + 3, 2t + (j + 2)(s - 2) + 2]. Collecting from (14231) the 
terms of bidegree (m, n) in (z, z) with m + n = A + 1 := 2/: + (j + l)(s — 2) + 2, we obtain 



Gi^„+i)(z,(z,z)) = 2Re(z,^^(^)(z,(z,z)))+27(-l)-'Re j£(z,z)A(z)^"+i(z,z)*-^ ^ Ej; 



h 



h+h=t-j-l 



(4.24) r J-i ^ 

+ 2eRe |Qi(z)A(z)-''(z, z)*~^' ^(-1)'^' (1 - s)'i^/r/ | + 2(1 - s)-'Re {Q(z)A(z)^(z, z)*-^} 

+ V>'a+i{z,z) ~ (^A+i (z,z) + (eO^t^ (z, z), 
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where wt |(6i)^t^ {z, z)| > N'^. We define the foUowing mappings 



Fi^Uz, w) = F^^\z, w) + F^^\z, w) + F^^\z, w) + Ff ^(z, w), 



3 

Fi^\z, w) = -(1 - syQ{z)A{zyw'-^-' (zi, ...,zn) 

f \\ . 

(4.25) 



F^''\z,w) - -eQ,{z)Aizyw''=-' (E(-I)^'(I " ■'*)'^/"') (^i' • • ■ ' ^a') ' 

/ N N 



;i+;2=t-j-i y=i i=i 

Substituting (|4.25l) into (|4.24l) . by making some simphfications it foUows that 

(4.26) G^+\z, (z,z)) =2Re <Jz,^^f ^ (z, (z, z))) + ^^+i(z, z) - ipA+i{z,z) + (Oi)^!' (z,z). 

By applying Extended Moser Lemma we find a solution (^Gi^t^\z,w), F^^\z,'w)j for (|4.26p . By repeating the procedure 
from the first case of the normal form construction, we obtain the following estimates 

wt{Gi^„+i)(z,«;)-G(^„+i) (z,(z,z))}, wt {g('^„+i) (z, u;)} , wt {g(^„+i) {z, {z, z))] > N',, 

(4.27) wt{i^f)(z,u;)-Ff^(z,(z,z))}, wt{i^^f)(z,u;)}, wt {ff ^ (z, (z, z))} > iV^ - s + 1, 

wt {Ft\z,w)} , wt {Ff) {z,{z,z))} , wt {Fr(z,u;)-Ff) (z,z)} > iV^ - 1, 

where w satisfies p. II) . As a consequence of (|4.27p we obtain 



(a'(z) + e2(z,z),Ff )(z,H) + (Fi^\z,w),A'{z) + el{z,z)) - e^t2(z,z)', 
(4.28) \ ^ / \ ^ / = 

Re (Ff \z,«;) - Ff ) (z, (z, z)) , z) = O^f (z, z)', 

where w satisfies (|3.ip and each of 9;^t^(z,z)' has the property wt |8^^"^(z, z)| > N'^. Substituting F>a{z,w) 
Fno}-{z,w) + F>A+i{z,w) and G>a+i{z,w) = Gitt^\z,w) + G>a+2{z,w) in (|4.23p . it follows that 



Gi^J^\z,w)+G>A+2{z,w) =2Re (z + A' {z) + el{z,z), Fiokz,w) + F>a+i{z,w)) + ip'^+i{z,z) - ipA+i{z,z) 

+ (Qi)jvt^ (^'^) + <^>A+i(^>^) - '^>A+i(2, z) + e^t^(z,z) 

+ 2(1 ~ s)^Re {g(z)A(z)^'u;*-^'} 

(4.29) r 

+ 27Re <^ (-l)^/:(z,z)A(z)^"+i C/>'^(^'^)' 
+ 2eRe |qi(z)A(z)^'u-*-^' ^(-l)^'(l " s)'^/-^ , 



where w satisfies p.ip . Simplifying the preceding equation using ()4.24p . it follows that 

(4.30) G>A+2{z,w) = 2Re (^z + A'{z) + e^(z, z), F>a+i(z, w)^ + ^>a+2 (z,z) - ip'y^^^{z,z) + 8^1"^ (z,z) + J(z,z), 
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where we have used the foUowing notation 



J(z,z)-2Re (z,F,l^)(z,u;)-Fi^)(z,(^,^))) + 2Re (^A' (z) + Qliz,z), F^^}{z,w)) 

+ 2(1 - syRe {Q{z)A{zyw'-^ - Q(z)A(z)^ (z, z)*-^ } + Gi'^„+2) (z, {z,z)) - Gi'^+'\z,w) 

(4.31) +2^{-iyReU{z,z)A{zy+n ^ S^z.'^ (z, z)'^ - (z, z)*-^"-! ^ E^J 

{ \h+h=t-j-l h+l2=t-j-l 

+ 2eRe |qi(z)A(z)^- '^(-l)^'(l - s)' (f^V-^" - ^/-^"(z, z)*-^") | , 



J(z,z) = 2Re ^z,5](Ff)(z,«;)-Ff) (z, (z, z))) ^ + 2Re ^ A'(z) + e^(z, z), ^ i^i^^ (z, «;) ^ 
+ 2(1 - s^Re {Q(z)A(z)^- {w'-^ - (z,z)*-^-)} + dtt'^ (z, (z, z)) - Gitt'Hz,w) 
^^■^^^ +2j{~iyRe\c{z,z)A{zy+'i ^ ^-^'^ (z, z)'^ - ^ i?^ (z, z)*-^--i 

[ \;i+i2=t-j-i /i+/2=t-j-i 

+ 2eRe |Qi(z)A(zy ^(-1)'^' (1 - (^z;*"^' - (z,z)*-^)| . 

We observe that 

Re (^F^^^ (z, (z,z)),z) = -(1 - 5)^ Re {Q(z)A(z)-'"(z, z)*-^"} , 
Re (i^f > iz,{z,z)),z) = -eRe |Qi(z)A(zy (z, z)*-^X(-l)^' (1 - , 



(4.33) 



Re (Ff ) (z,(z,z)),z) = -(-l)^7Re <| C{z,z)A{zy+' {z, z)'-^-' ^ F^ 



Since wt |f^'^^(z, u))| >t.s + l and wt jF^'^' (z, w)| > ts + s - 1 for all A: e {1, 2, 3}, it follows that 



(4.34) 2Re ^e^(z, z), ^ (z, «;)^ = O^f (z, z), 

where wt |e^t^(z,z)| > A^^ Using (gST]), gSH]), (|433l) . (ji^I]) we can rewrite (|432l) as follows 



J(z,z) =2Re (z,^Ff'(z,«;))+2Re (A'(z),5^Ff)(z,u;) 



fc=l / \ k=l 



(4.35) + 2(1 - s)^ Re {Q(z)A(z)^u;*-^ } + 2(-l)J7Re <j £(z, z)A(z)^+i (z, z)*-^'-! ^ F*^;/^ 

/l+/2=t-J-l 



2eRe |qi(z)A(z)Jw*-^' ^(-1)^' (1 - s)'f/-^' | 
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Substituting the formulas of F^^\z,w), F2^\z,w) and F^^\z,w) in ()4.35p and using w satisfying p.ip . we obtain 
J(z,z) = -2(1 - syRe {Q(z)A(z)^w;*-J-i {{z,z) + sA{z)) - Q{z)Aizy w'-^ } 

- 2(-l)^Re I Ciz,z)A{zy+' ^ E*-Jw'^ {w'^ - (z,z)'^) 

I h+l2 = t-j-l 



z,z}^' 



(4.36) ( 

- 2(-l)^7Re <^ Qi{z)A{zy+' 

- 2eRe |qi(z)A(z)^' ^(-1)'^' (1 - s)'i^/~^w;*-^-i ((z, z) + sA(z) - w) 
J(z,z) 2(1 - sy+^Re {Qiz)Aizy+^w*-^-^} 

+ 2j{~iy+'Re\c{z,z)A{zy+' ^ eIJ^W^ 

+ 2(-l)^+iRe J Qi(z)A(zF+i J] Cb^*"'"' 

+ 2eRe |qi(z)A(z)^+i ^(-l)A+i(l - | + e^f (z, z), 

where wt |e^t^(z, z)| > 7V^. □ 
CoUecting the terms of bidegree (m, n) in (z, z) from ()4.23p with m + n = ts + s and t — j, we obtain 
Gi*:+^)(z, (z,z)) =2(1 -s)* Re {Q(z)A(z)*} + 2A'Re {Qi(z)A(z)*} + 2Re (z, Fi*/+^~i)(2 



(4.37) 



(4.38) 



+ (fi'ts+s.oi^^ - Vts+sfl[z, z) + (ei)j^, " (z, z). 



By applying Extended Moser Lemma we find a solution {Cnot^^ (z, w), Fnor^^ (z, w)^ for ()4.38|) . Collecting the pure 
terms of degree ts + s from (|4.38p . it follows that 

(4.39) v'ts+sA^) - Vts+sA^) = (1 - .s)*Q(z)A(z)* + i^Oi(z)A(z)*, 

where K = (-l)'5ifci(l - s)*-i + • • ■ + (-l)'^'-iA:t-i(l - s) + (-l)^*fct, with fci,...,fct G N. By the proof of Lemma 4.8 
(see ()4.36|) and ()4.37|) ) we observe that fii — \, . . . , (it — t. Next, by applying Lemma 2.4 to i^ts+sfiiz) and <-p'ts+sfi{^)j 
it follows that 

ipts+sfi{z) = {Ai{z)Ai{z) + --- + AN{z)AN{z))A{zf + C{z), 
f'ts+sM = K(^)Ai(z) + • • • + A^(z)A^(z)) A(z)* + C'(z), 
where (AfcA*)* (C(z)) = (A^ A*)* (C'(z)) = 0, for aU fc = 1, . . . , A^. We have 

Q{z) = ^ Afe(z) ^flfeiZi H h ^flfefc - j Zk^ h flfeArZAT 

(4-41) ^ 

'9i(^) = X! Afe(^) (("/^i + aifc) ^1 ^ ^ (flfefe + afefe - (a + a)) Zfe H h {atN + aNk) zn) ■ 

k=l 

We impose the normalization condition (A^A*)* [(p'^gj^g o(-^)) = 0, for all fc = 1, . . . , N . By Lemma 2.4 this is equivalent 
to find (fly )i<j such that A'i{z) = • • ■ = A^(z) = 0. It follows that 

(1 - sfakj + K (akj + cijk) = Ckj, for aU fc, j = 1, . . . , A^, k ^ j, 

(4.42) a + a 

(1 - sfakk 1- K {akk + Ofcfe - (a + a)) = Ckk, for aU fc = 1, . . . , A^, 
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N 



where Ckj is determined, for all k,j — 1, . . . ,N. Here Na = akk- Using the second equation from (I4.42p we find 



k=l 



Im Gkk, for all fc = 1, . . . , A^. By taking the reality part in the second equation from (|4.42p . we obtain 



N 



(4.43) {Ns{l - sY + 2NKs) Re akk - (2(1 - sf + 2Ks) ^ Re a„ = Re Ck,k, k = l,...,N. 

1=1 

N N 

By summing all the identities from ()4.43|) . it follows that (1 — s)*A^(s — 2) Re a/; = Recfc,fc. Next, going back to 

1=1 k=l 

(|4.43p we find Re an, for alH = 1, . . . , A^. Now, let k ^ j and fc, j G {1, . . . , N}. By taking the real and the imaginary 
part in first equation from (|4.42[) . we obtain 

((1 - sf + K) Reakj + KRea^k = Rec^j, KReukj + ((1 - sf + K) Rea^k = Rec^^fc, 
((1 — sf + Im flfej — K\n\ajk — Im Cfe^-, —K\n\akj + ((1 — sf + Im ajk — Im Cj^fc, 

where cj, ^ is determined, for all k,j = 1, . . . , and k ^ j. In order to solve the preceding system of equations it is 
enough to observe that (1 — s)* ((1 — s f + 2K) ^ 0. It is equivalent to observe that 

(1 -sr+2 ((-i)fci(i - .)*-! + • • • + {-ifh) ^ 0, 

(-1)* ((s - 1)* + 2 (fci(s - l)*-i + fc2(s - l)*-2 + • • ■ + fct)) ^ 0. 



Composing the map that sends M into p.ip with the map ()4.ip we obtain our formal transformation that sends 
M into A/' up to degree ts + s + 1. 

5. Proof of Theorem 1.3-Uniqueness of the formal transformation map 

In order to prove the uniqueness of the map (jl.l2p it is enough to prove that the following map is the identity 

(5.1) M'3{Z,W)^ {z + Y.PnJrM.^ + Y.Gtt'\zM \ eM'. 

y k>2 k>2 J 

Here M' is a manifold defined by the normal form from the Theorem 1.5. We have used the notations (|2.30p . We perform 
induction on A: > 2. 



Definition 5.1. The undetermined homogeneous parts of the map (|5.1[) by applying Extended Moser Lemma are called 
the free parameters. 

We prove that Fnor{z, w) = 0. Here we recall the first case of the normal form construction. We assume that t — 1. 
By repeating the normalization procedures from the first case of the normal form construction, we find that all of 

(2) (3) 

the homogeneous components of Fnor{z,w) except the free parameter are and that Gnor{z,w) — 0. Using the same 
approach as in the first case of the normal form construction (see p.25p ). it follows that 

(5.2) ips+i,o{z) - (ps+ifi{z) = (1 - s){z, a)A{z) = 0. 

(2) (2) 

Here a is the free parameter of Fnor{z, w). It follows that a — 0. Therefore Fnor{z, w) — 0. 

We assume that FnVriz,w) ~ ■■■ = Fior'^\z,w) ~ 0, Gnor{z,w) — ■■■ — Gl^or^\z,w) ~ 0. We want to prove 
that Fnor^\z,w) = 0, Giior{z,w) = 0. First, we consider the case when k = 2t, with t > 2. Let a £ be the free 
parameter of the polynomial Fnor {z, w). By repeating all the normalization procedures from the first case of the normal 
form construction it follows that all of the homogeneous components of Fnor {z,'w) except the free parameters are 
and that Gnor'^\z.,w) = 0. We are interested in the image of the manifold M through the map (|5.ip to M up to 
degree ts + 1. We repeat the normalization procedure done during Lemma 3.7 proof. In that case we have considered 
a particular mapping (see p.3p ). Here we have a general polynomial map with other free parameters. They generates 
terms of weight at least ts + 2 that do not change their weight under the conjugation: 

wt {(i^i,™(z)w™, z)} , wt {(z, i^i,™(z)w'")} > is + 2, for all m > i; 
^^■^^ wt{(i^o,r(^)w'',z)}, wt{(z,Fo,r(z)w'^)} > ts + 2, for ahr > i + 2. 
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Here _Fo,r(-z)w'' are the free parameters of Fn^oT'^^\z,w) and Fi^r\z,w), for ah m > i and r > t + 2. 

Therefore they can not interact with the pure terms of degree ts + 1 (because of the higher weight). All Lemmas 
3.1 — 3.6 remain the same in this general case. 

Using the same approach as in the first case of the normal form construction (see (I3.47p ). it follows that 

(5.4) ipts+i,o{z) - Vts+ifii^) = (1 - sy{z,a)A\z) = 0. 

It follows that a = 0. Therefore Fnor {z, w) = 0. 

We assume that fc = 2t + 1, with i > 2. Let (aij)i<j be the free parameter of i^ior^^'' (z, uj). By repeating all 
the normalization procedures from the first case of the normal form construction, it follows that all of the homogeneous 
components of Fiwr^^\z, w) except the free parameters are and that Gnor'^\z, w) = 0. 

We are interested of the image of the manifold M' through the map p.3p to M' up to degree ts + s + 1. The other 
free parameters of the map (|5.ip generates terms of weight at least is + s + 1 that do not change their weight under 
the conjugation: 

wt{(Fi,„(z)w™,z)} , wt{(z,i^i,™(z)w")} > ts + s + 1, foranm>t+l; 

''^'^^ wt{{FQ^r{z)w'',z)}, wt{(z,Fo,r(z)u;'')} > ts + s + 1, for ahr > t + 3. 

All Lemmas 4.1 — 4.7 remain true in this general case. 

Using the same approach as in the second case of the normal form construction (see (I4.39|) ). it follows that 

(5.6) ^ts+sAz) - Vts+sAz) = (1 - s)*g(z)A*(z) = 0. 
It follows that (aij)i<i j<jv ~ ^- Therefore 

(5.7) F(2*+i)(z,^.)=0, Ga*+^)(z,u;)=0. 
This proves the uniqueness of the formal transformation (|1.12p . 
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